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1. Introduction
Let D denote the unit disk in the complex plane C. Let H(D) denote the space of analytic functions on D . For an analytic
self map ϕ of D and a function u ∈ H(D), we deﬁne the weighted composition operator as uCϕ( f ) = u f ◦ ϕ for f ∈ H(D).
Weighted composition operators have been extensively studied recently. As a combination of composition operators and
pointwise multiplication operators, weighted composition operators arise naturally. For example, surjective isometries on
Hardy spaces Hp and Bergman spaces Ap , 1 < p < ∞, p = 2, are given by weighted composition operators, see [7] and [9].
In this paper we will give new characterizations for bounded and compact weighted composition operators between
Bloch type spaces, and give new estimates of essential norms of such operators. Let us ﬁrst recall the deﬁnitions of Bloch-
type spaces, also called α-Bloch spaces. For 0 < α < ∞, the α-Bloch space Bα is the space that consists of all analytic
functions f on D such that
‖ f ‖Bα = sup
z∈D
∣∣ f ′(z)∣∣(1− |z|2)α < ∞.
It is well known that Bα is a Banach space under the following norm
||| f |||Bα =
∣∣ f (0)∣∣+ ‖ f ‖Bα .
When α = 1, the α-Bloch space is the classical Bloch space, and will be denoted by B .
Boundedness, compactness and estimates of essential norms of weighted composition operators between Bloch type
spaces have been studied by several authors. See, for example, [11,6,10]. The criteria and estimates use a term similar to
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of ϕ to characterize compact composition operators on the Bloch space in [16]. Their result is as follows:
Theorem A. Let ϕ be an analytic self-map of D. Then Cϕ is compact on the Bloch space B if and only if
lim
n→∞
∥∥ϕn∥∥B = 0.
Notice that here ϕn means n-th power of ϕ . Based on their idea, in [19], the second author obtained a formula of the
essential norms of composition operators between Bloch type spaces. Here is the result:
Theorem B. Let 0 < α,β < ∞. Let ϕ be an analytic self-map of the unit disk D. Then the essential norm of composition operator
Cϕ : Bα → Bβ is
‖Cϕ‖e =
(
e
2α
)α
limsup
n→∞
nα−1
∥∥ϕn∥∥Bβ . (1)
In this paper, we extend the above result to weighted composition operators. For our results, we need the following two
integral operators. Let u be an analytic function on D . For every f ∈ H(D), deﬁne
Iu f (z) =
z∫
0
f ′(ζ )u(ζ )dζ, Ju f (z) =
z∫
0
f (ζ )u′(ζ )dζ.
The operators Ju , sometimes referred as Cesàro type operators or Riemann–Stieltjes integral operators, were ﬁrst used
by Ch. Pommerenke in [14] to characterize BMOA functions. They were ﬁrst systematically studied by A. Aleman and
A.G. Siskakis in [2]. They proved that Ju is bounded on the Hardy space Hp if and only if g ∈ BMOA. Thereafter there
have been many works on these operators. See, [1,3,8,13,15,17] for a few examples. The operators Iu , as companions of Ju ,
have been also studied, see, for example, [18].
In Section 2, we characterize bounded weighted composition operators between Bloch type spaces, and then, in Section 3,
we give estimates of essential norms of such operators, and as corollaries, we characterize compactness of such operators.
2. Boundedness
The following theorem has been proved in [12].
Theorem 1. Let ϕ be an analytic self map of D, let u be analytic on D, and let α and β be positive real numbers.
(i) If 0 < α < 1, then uCϕ maps Bα boundedly into Bβ if and only if u ∈ Bβ and
sup
z∈D
∣∣u(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α
∣∣ϕ′(z)∣∣< ∞.
(ii) Operator uCϕ maps B boundedly into Bβ if and only if
sup
z∈D
∣∣u′(z)∣∣(1− |z|2)β log 2
1− |ϕ(z)|2 < ∞
and
sup
z∈D
∣∣u(z)∣∣ (1− |z|2)β
1− |ϕ(z)|2
∣∣ϕ′(z)∣∣< ∞.
(iii) If α > 1, then uCϕ maps Bα boundedly into Bβ if and only if
sup
z∈D
∣∣u′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α−1 < ∞
and
sup
z∈D
∣∣u(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α
∣∣ϕ′(z)∣∣< ∞.
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spaces using the n-th power of ϕ . We need the following lemma.
Lemma 2. Let α > 0, n ∈ N and 0 x 1. Let Hn,α(x) = xn−1(1− x2)α . Then Hn,α has the following properties.
(i)
max
0x1
Hn,α(x) = Hn,α(rn) =
{
1, as n = 1,
( 2αn−1+2α )
α( n−1n−1+2α )
(n−1)/2, as n 2
where
rn =
{
0, as n = 1,
( n−1n−1+2α )
1/2, as n 2. (2)
(ii) For n 1, Hn,α is increasing on [0, rn], and decreasing on [rn,1].
(iii) For n 1, Hn,α is decreasing on [rn, rn+1], and so
min
x∈[rn,rn+1]
Hn,α(x) = Hn,α(rn+1) =
(
2α
n+ 2α
)α( n
n + 2α
)(n−1)/2
.
Consequently,
lim
n→∞n
α min
x∈[rn,rn+1]
Hn,α(x) =
(
2α
e
)α
.
The lemma has been appeared in [19]. The proof is an easy exercise of Calculus. We omit the details here. We ﬁrst give
the following necessary condition for bounded weighted composition operators uCϕ between Bloch type space.
Proposition 3. Let 0 < α,β < ∞, let u ∈ H(D), and let ϕ be an analytic self map of D. If the weighted composition operator uCϕ is
bounded from Bα to Bβ , then
sup
n1
nα−1
∥∥Iu(ϕn)∥∥Bβ < ∞. (3)
Proof. Let uCϕ be bounded from Bα to Bβ . Then by Theorem 1 we know that
sup
z∈D
∣∣u(z)∣∣∣∣ϕ′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α < ∞. (4)
Suppose that the supremum in (4) is M . Notice that
(
Iu
(
ϕn
)
(z)
)′ = u(z)(ϕn(z))′ = nu(z)ϕn−1(z)ϕ′(z).
Thus we have
nα−1
∥∥Iu(ϕn)∥∥Bβ = nα−1 sup
z∈D
n
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β
= sup
z∈D
nα
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β (1− |ϕ(z)|2)α
(1− |ϕ(z)|2)α .
By Lemma 2, we know that, for every positive integer n 1,
sup
z∈D
nα
∣∣ϕ(z)∣∣n−1(1− ∣∣ϕ(z)∣∣2)α  nαHn,α(rn),
where rn is given by (2). Hence, by (4), for every n 1,
nα−1
∥∥Iu(ϕn)∥∥Bβ  MnαHn,α(rn).
It is easy to see that
lim
n→∞n
αHn,α(rn) = lim
n→∞n
α
(
2α
)α( n − 1 )(n−1)/2 =
(
2α
)α
.n− 1+ 2α n− 1+ 2α e
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nαHn,α(rn) K
for any n 1. Thus
sup
n1
nα−1
∥∥Iu(ϕn)∥∥Bβ  MK < ∞,
and so (3) is true. 
The following main result of this section characterizes bounded weighted composition operators uCϕ from Bα to Bβ for
the cases 0< α < 1 and α > 1.
Theorem 4. Let ϕ be an analytic self map of D, let u be analytic on D, and let α and β be positive real numbers.
(i) If 0< α < 1, then uCϕ maps Bα boundedly into Bβ if and only if u ∈ Bβ and
sup
n1
nα−1
∥∥Iu(ϕn)∥∥Bβ < ∞. (5)
(ii) If α > 1, then uCϕ maps Bα boundedly into Bβ if and only if
sup
n1
nα−1
∥∥Iu(ϕn)∥∥Bβ < ∞ (6)
and
sup
n1
nα−1
∥∥ Ju(ϕn)∥∥Bβ < ∞. (7)
Proof. (i) Let 0 < α < 1. Suppose that uCϕ be bounded from Bα to Bβ . Then u = uCϕ(1) ∈ Bβ , and by Proposition 3,
(5) holds.
Conversely, suppose that u ∈ Bβ , and that (5) is true. For any integer n 1, let
Dn =
{
z ∈ D: rn 
∣∣ϕ(z)∣∣ rn+1},
where rn is given by (2). Let m and k be the smallest and largest positive integers such that Dm = ∅ and Dk = ∅ (k could
be ∞). Thus D =⋃kn=m Dn . By Lemma 2, for every integer n satisfying m n k, we have
min
z∈Dn
nα
∣∣ϕ(z)∣∣n−1(1− ∣∣ϕ(z)∣∣2)α  nαHn,α(rn+1) =
(
2αn
n + 2α
)α( n
n+ 2α
)(n−1)/2
,
where Hn,α(x) = xn−1(1− x2)α . Since
lim
n→∞
(
2αn
n+ 2α
)α( n
n+ 2α
)(n−1)/2
=
(
2α
e
)α
we know that, there exists a constant δ > 0, independent of n, such that
min
z∈Dn
nα
∣∣ϕ(z)∣∣n−1(1− ∣∣ϕ(z)∣∣2)α  δ.
Hence,
sup
z∈D
∣∣u(z)∣∣∣∣ϕ′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)2|)α = supmnk supz∈Dn
∣∣u(z)∣∣∣∣ϕ′(z)∣∣ nα |ϕ(z)|n−1(1− |z|2)β
nα |ϕ(z)|n−1(1− |ϕ(z)2|)α
 1
δ
sup
mnk
sup
z∈Dn
nα
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β
 1
δ
sup
n1
sup
z∈D
nα
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β
 1
δ
nα−1 sup
∥∥Iu(ϕn)∥∥Bβ < ∞.
n1
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(ii) Let α > 1. Suppose that uCϕ is bounded from Bα to Bβ . Then, by Proposition 3, we know that condition (6) is true.
Now we show that (7) is also true. Let the integer n 2. Consider the function zn . By Lemma 2,
∥∥zn∥∥Bα =maxz∈D n|z|n−1
(
1− |z|2)α = n
(
2α
n− 1+ 2α
)α( n− 1
n − 1+ 2α
)(n−1)/2
,
where the maximum is attained at any point on the circle with radius
rn =
(
n− 1
n − 1+ 2α
)1/2
.
Thus
lim
n→∞n
α−1∥∥zn∥∥Bα =
(
2α
e
)α
. (8)
Hence, there is a constant C > 0, independent of n, such that ‖zn‖Bα  Cn1−α . Let fn(z) = zn/‖zn‖Bα . Then ||| f |||Bα =
‖ fn‖Bα = 1. Thus
∞ > ‖uCϕ‖
∥∥uCϕ( fn)∥∥Bβ = ‖uϕ
n‖Bβ
‖zn‖Bα 
1
C
nα−1
∥∥uϕn∥∥Bβ .
Thus
sup
n1
nα−1
∥∥uϕn∥∥Bβ  C‖uCϕ‖ < ∞.
Notice that
(
uϕn
)′ = u(ϕn)′ + u′(ϕn)= (Iu(ϕn))′ + ( Ju(ϕn))′,
we get that from the Triangle inequality that
sup
n1
nα−1
∥∥ Ju(ϕn)∥∥Bβ  sup
n1
nα−1
∥∥uϕn∥∥Bβ + sup
n1
nα−1
∥∥Iu(ϕn)∥∥Bβ < ∞.
Hence (7) is true.
Conversely, suppose that (6) and (7) are true. Let f be an arbitrary function in Bα . Then
∥∥uCϕ( f )∥∥Bβ = sup
z∈D
∣∣u′(z) f (ϕ(z))+ u(z) f ′(ϕ(z))ϕ′(z)∣∣(1− |z|2)β
 sup
z∈D
∣∣u′(z)∣∣∣∣ f (ϕ(z))∣∣(1− |z|2)β
+ sup
z∈D
∣∣u(z)∣∣∣∣ f ′(ϕ(z))∣∣∣∣ϕ′(z)∣∣(1− |z|2)β
= I1 + I2.
Since α > 1, we know that
sup
w∈D
∣∣ f (w)∣∣(1− |w|2)α−1 ≈ ||| f |||Bα .
Thus, there are constants C1,C2 > 0 such that
∣∣ f (w)∣∣ C1||| f |||Bα (1− |w|2)1−α,
and
∣∣ f ′(w)∣∣ C2‖ f ‖Bα (1− |w|2)−α  C2||| f |||Bα (1− |w|2)−α.
To deal with I1, consider the function Gn,α(x) = Hn+1,α−1(x) = xn(1− x2)α−1. By Lemma 2,
max
0x1
Gn,α(x) = Gn,α(sn) =
{1, as n = 0,
(
2(α−1)
)α−1( n )n/2, as n 1n+2(α−1) n+2(α−1)
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sn =
{0, as n = 0,
( nn+2(α−1) )
1/2, as n 1. (9)
For any integer n 1, let
En =
{
z ∈ D: sn 
∣∣ϕ(z)∣∣ sn+1}.
Let m and k be the smallest and largest positive integers such that Em = ∅ and Ek = ∅ (k could be ∞). Thus D =⋃kn=m En .
Similar as in the proof of Lemma 2 and part (i) of this theorem, we know that there exists a constant δ > 0, independent of
n, such that
min
z∈En
nα−1
∣∣ϕ(z)∣∣n(1− ∣∣ϕ(z)∣∣2)α−1  δ.
Thus
I1 = sup
z∈D
∣∣u′(z)∣∣∣∣ f (ϕ(z))∣∣(1− |z|2)β
 C1||| f |||Bα sup
z∈D
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1
 c1||| f |||Bα sup
z∈D
nα−1|u′(z)||ϕ(z)|n(1− |z|2)β
nα−1|ϕ(z)|n(1− |ϕ(z)|2)α−1
 C1||| f |||Bα sup
mnk
sup
z∈En
nα−1|u′(z)||ϕ(z)|n(1− |z|2)β
nα−1|ϕ(z)|n(1− |ϕ(z)|2)α−1
 C1
1
δ
||| f |||Bα sup
mnk
sup
z∈En
nα−1
∣∣u′(z)∣∣∣∣ϕ(z)∣∣n(1− |z|2)β
 C1
1
δ
||| f |||Bα sup
n1
nα−1
∥∥ Ju(ϕn)∥∥Bβ
 M1||| f |||Bα
for some constant M1 > 0. For I2, noticing that
I2  C2||| f |||Bα sup
z∈D
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α ,
by the same proof as in the proof of part (i) we obtain that
I2 
1
δ
||| f |||Bα sup
n1
nα−1
∥∥Iu(ϕn)∥∥Bβ  M2||| f |||Bα ,
for some constant M2 > 0. Combining the above two inequalities we obtain that∥∥uCϕ( f )∥∥Bβ  (M1 + M2)||| f |||Bα .
Hence uCϕ is bounded from Bα to Bβ . The proof is complete. 
Curiously enough, the above type of result is not true for the case α = 1. When α = 1, the corresponding conditions as
in the above theorem would be
sup
n1
∥∥Iu(ϕn)∥∥Bβ < ∞, sup
n1
∥∥ Ju(ϕn)∥∥Bβ < ∞. (10)
While from the proof of Theorem 4 we know that these conditions are necessary for uCϕ to be bounded from B to Bβ , they
are not suﬃcient, as the following examples show.
Example 1. Let 1 < β < ∞. Let
u(z) = (1− z)1−β,
let ϕ(z) = z, and let f (z) = log(2/(1− z)). Then u ∈ Bβ , and f ∈ B . From (8) we know that ‖zn‖B  1. Thus, for β > 1
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∥∥Iu(zn)∥∥Bβ = sup
z∈D
n|1− z|1−β |z|n−1(1− |z|2)β
 2β−1n|z|n−1(1− |z|2)= 2β−1∥∥zn∥∥B  2β−1,
and
∥∥ Ju(ϕn)∥∥Bβ =
∥∥ Ju(zn)∥∥Bβ = sup
z∈D
∣∣u′(z)∣∣|z|n(1− |z|2)β  ‖u‖Bβ .
Hence, condition (10) is true. However, for β > 1,
∥∥uCϕ( f )∥∥Bβ = ‖u f ‖Bβ ≈ sup
z∈D
∣∣u(z)∣∣∣∣ f (z)∣∣(1− |z|2)β−1
= sup
z∈D
|1− z|1−β
∣∣∣∣log 21− z
∣∣∣∣(1− |z|2)β−1 = ∞.
Therefore, uCϕ : B → Bβ is not bounded.
For our example for the case β = 1, we need the following two spaces. We say an analytic function f ∈ BL , the logarithmic
Bloch space, if
sup
z∈D
∣∣ f ′(z)∣∣(1− |z|2) log 2
1− |z|2 < ∞,
and we say that f ∈ B0, the little Bloch space, if
lim|z|→1
∣∣ f ′(z)∣∣(1− |z|2)= 0.
It is clear that BL ⊂ B0, and it is well known that H∞ and B0 are not contained in each other (see, for example, p. 108
in [21]).
Example 2. Since H∞ and B0 are not contained in each other, there exists a function u ∈ H∞ \ B0. Since BL ⊂ B0, we know
that u ∈ H∞ \ BL . A well-known result about the multipliers on the Bloch space says that the pointwise multiplication
operator Mg deﬁned by Mg f = g f is bounded on the Bloch space B if and only if g ∈ H∞ ∩ BL . (See, for example, [4,5] and
[20].) Let ϕ(z) = z. Then, since u ∈ H∞ ⊂ B , we have
sup
n1
∥∥Iu(ϕn)∥∥B = sup
n1
sup
z∈D
n
∣∣u(z)∣∣|z|n−1(1− |z|2) ‖u‖H∞ sup
n1
∥∥zn∥∥B  ‖u‖H∞ ,
and
sup
n1
∥∥ Ju(ϕn)∥∥B = sup
n1
sup
z∈D
∣∣u′(z)∣∣|z|n(1− |z|2) ‖u‖B sup
n1
∥∥zn∥∥H∞  ‖u‖B .
Thus the condition (10) holds. However, since u /∈ BL , we know that uCϕ = Mu is not bounded on B .
Question. What about the case α = 1, 0 < β < 1?
3. Essential norms
In this section we give estimates for the essential norms of uCϕ from Bα to Bβ . We ﬁrst deal with the case 0 < α < 1.
For this case, we were able to get a precise formula.
Theorem 5. Suppose 0 < α < 1 and 0 < β < ∞ and suppose the weighted composition operator uCϕ is bounded from Bα to Bβ . Then
‖uCϕ‖e =
(
e
2α
)α
limsup
n→∞
nα−1
∥∥Iu(ϕn)∥∥Bβ . (11)
Proof. Suppose the weighted composition operator uCϕ is bounded from Bα to Bβ . Then u = uCϕ1 ∈ Bβ . Hence
sup
z∈D
∣∣u′(z)∣∣∣∣ϕ(z)∣∣(1− |z|2)β < ∞. (12)
Since z ∈ Bα , we have
u(z)ϕ(z) = uCϕ(z) ∈ Bβ .
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sup
z∈D
∣∣(uϕ)′(z)∣∣(1− |z|2)β = sup
z∈D
∣∣u′(z)ϕ(z) + u(z)ϕ′(z)∣∣(1− |z|2)β < ∞.
By the Triangle inequality and (12) we know that, there is a positive constant C such that
sup
z∈D
∣∣u(z)∣∣∣∣ϕ′(z)∣∣(1− |z|2)β < C < ∞. (13)
We now show that formula (11) is true when supz∈D |ϕ(z)| < 1. In this case, there is a number r, 0 < r < 1, such that
supz∈D |ϕ(z)| r. By (13) we have(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ 
(
e
2α
)α
nα−1 sup
z∈D
n
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β

(
e
2α
)α
nαrn−1 sup
z∈D
∣∣u(z)∣∣∣∣ϕ′(z)∣∣(1− |z|2)β
 C
(
e
2α
)α
nαrn−1.
Hence
lim
n→∞
(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ = 0.
On the other hand, let { fn} be a sequence in Bα such that ‖ fn‖Bα  1, and fn(z) → 0 uniformly on every compact subset
of D . Then
∥∥uCϕ( fn)∥∥Bβ = sup
z∈D
∣∣u′(z) fn(ϕ(z))+ u(z) f ′n(ϕ(z))ϕ′(z)∣∣(1− |z|2)β
 sup
z∈D
∣∣u′(z) fn(ϕ(z))∣∣(1− |z|2)β + sup
z∈D
∣∣u(z) f ′n(ϕ(z))ϕ′(z)∣∣(1− |z|2)β
= I1 + I2.
Since uCϕ is bound from Bα to Bβ , applying to the function 1 and z respectively we get u ∈ Bβ and uϕ ∈ Bβ . Since
|ϕ(z)| r < 1 and fn(z) → 0 uniformly on compact subsets of D , we get
I1  ‖u‖Bβ sup
z∈D
∣∣ fn(ϕ(z))∣∣→ 0
as n → ∞. Using (13) we get
I2  C sup
z∈D
∣∣ f ′n(ϕ(z))∣∣→ 0
as n → ∞. Hence
lim
n→∞
∥∥uCϕ( fn)∥∥Bβ = 0,
and so uCϕ is compact from Bα to Bβ . Therefore
‖uCϕ‖e = 0.
Thus for the case supz∈D |ϕ(z)| < 1, our essential norm formula is true.
Next we suppose supz∈D |ϕ(z)| = 1. We ﬁrst prove for the lower bound. Consider(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ =
(
e
2α
)α
sup
z∈D
nα
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β
= J1 + J2,
where
J1 =
(
e
2α
)α
sup
|ϕ(z)|s
nα
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β,
J2 =
(
e
2α
)α
sup nα
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β,
|ϕ(z)|>s
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J2 =
(
e
2α
)α
sup
|ϕ(z)|>s
nα
∣∣u(z)∣∣∣∣ϕ(z)∣∣n−1∣∣ϕ′(z)∣∣(1− |z|2)β (1− |ϕ(z)|2)α
(1− |ϕ(z)|2)α

(
e
2α
)α( 2nα
n− 1+ 2α
)α( n − 1
n− 1+ 2α
) n−1
2
sup
|ϕ(z)|>s
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α .
Since
lim
n→∞
(
2nα
n− 1+ 2α
)α( n− 1
n − 1+ 2α
) n−1
2
=
(
2α
e
)α
,
we get that, for ﬁxed s, 0 < s < 1, we have
limsup
n→∞
J2  sup
|ϕ(z)|>s
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α .
For J1, by (13) we have
J1 
(
e
2α
)α
nαsn−1 sup
|ϕ(z)|s
∣∣u(z)∣∣∣∣ϕ′(z)∣∣(1− |z|2)β  C
(
e
2α
)α
nαsn−1.
Thus, for a ﬁxed s, 0 < s < 1, we have
limsup
n→∞
J1  C
(
e
2α
)α
limsup
n→∞
nαsn−1 = 0.
Hence
limsup
n→∞
(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ  sup|ϕ(z)|>s
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α
for any s ∈ (0,1). Letting s → 1 we get
limsup
n→∞
(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ  lims→1 sup|ϕ(z)|>s
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α . (14)
Notice that, for the proof of (14), we actually did not require that 0 < α < 1. Hence (14) is true for all α > 0. We will also
use this inequality later. By Theorem 3 in [10], we know that
‖uCϕ‖e = lim
s→1 sup|ϕ(z)|>s
∣∣u(z)∣∣∣∣ϕ′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α .
Therefore,
limsup
n→∞
(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ  ‖uCϕ‖e.
Next, still under the assumption that supz∈D |ϕ(z)| = 1, we show that the upper estimate is true. For any integer n  1,
let
Dn =
{
z ∈ D: rn 
∣∣ϕ(z)∣∣ rn+1},
where rn is given by (2). Let m be the smallest positive integer such that Dm = ∅. Since supz∈D |ϕ(z)| = 1, Dn is not empty
for every integer nm, and D =⋃∞n=m Dn . As in the proof of Theorem 4, by Lemma 2, for every nm,
min
z∈Dn
nα
∣∣ϕ(z)∣∣n−1(1− ∣∣ϕ(z)∣∣2)α  nαHn,α(rn+1) =
(
2αn
n + 2α
)α( n
n+ 2α
)(n−1)/2
,
where Hn,α(x) = xn−1(1− x2)α . Thus
lim
n→∞ minz∈Dn
nα
∣∣ϕ(z)∣∣n−1(1− ∣∣ϕ(z)∣∣2)α 
(
2α
e
)α
.
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sup
z∈Dn
1
nα |ϕ(z)|n−1(1− |ϕ(z)|2)α <
(
e
2α
)α
+ ε. (15)
For a given s, 0 < s < 1, choose an integer N such that rN  s < rN+1. Then
sup
|ϕ(z)|>s
∣∣u(z)ϕ′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α  supnN supz∈Dn
∣∣u(z)ϕ′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α
= sup
nN
sup
z∈Dn
nα |ϕ(z)|n−1|u(z)ϕ′(z)|(1− |z|2)β
nα |ϕ(z)|n−1(1− |ϕ(z)|2)α .
As s is suﬃciently close to 1, N will be suﬃcient large, so that (15) holds. Thus, in this case
sup
|ϕ(z)|>s
∣∣u(z)ϕ′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α 
[(
e
2α
)α
+ ε
]
sup
nN
sup
z∈Dn
nα
∣∣ϕ(z)∣∣n−1∣∣u(z)ϕ′(z)∣∣(1− |z|2)β

[(
e
2α
)α
+ ε
]
sup
nN
nα−1
∥∥Iu(ϕn)∥∥Bβ .
Thus, by [10, Theorem 3], we have
‖uCϕ‖e = lim
s→1 sup|ϕ(z)|>s
∣∣u(z)ϕ′(z)∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α

[(
e
2α
)α
+ ε
]
lim
N→∞ supnN
nα−1
∥∥Iu(ϕn)∥∥Bβ

[(
e
2α
)α
+ ε
]
limsup
n→∞
nα−1
∥∥Iu(ϕn)∥∥Bβ .
Since ε is an arbitrary positive number, we have
‖uCϕ‖e 
(
e
2α
)α
limsup
n→∞
nα−1
∥∥Iu(ϕn)∥∥Bβ .
The proof is complete. 
From the above theorem we immediately obtain the following corollary.
Corollary 6. Suppose 0 < α < 1 and 0 < β < ∞ and suppose the weighted composition operator uCϕ is bounded from Bα to Bβ .
Then uCϕ is compact from Bα to Bβ if and only if
limsup
n→∞
nα−1
∥∥Iu(ϕn)∥∥Bβ = 0.
For the case α > 1, we need the following result, which is given and proved in [19]. For r ∈ (0,1), let Kr f (z) = f (rz).
Then Kr is a compact operator on the space Bα or Bα0 for any positive number α, with ‖Kr‖ 1.
Lemma 7. Let α > 0. Then there is a sequence {rk}, 0 < rk < 1, tending to 1, such that the compact operator Ln = 1n
∑n
k=1 Krk on Bα0
satisﬁes
(i) For any s ∈ [0,1), limn→∞ sup‖ f ‖Bα1 sup|z|s |((I − Ln) f )′(z)| = 0.
(ii) For any t ∈ [0,1), limn→∞ sup‖ f ‖Bα1 sup|z|t |(I − Ln) f (z)| = 0.
(iii) limsupn→∞ ‖I − Ln‖ 1.
Furthermore, these statements hold as well for the sequence of biadjoints L∗∗n (which is in the same form as Ln) on Bα .
To simplify the notations, we use
A =
(
e
)α
limsupnα−1
∥∥Iu(ϕn)∥∥Bβ2α n→∞
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B =
(
e
2(α − 1)
)α−1
limsup
n→∞
nα−1
∥∥ Ju(ϕn)∥∥Bβ .
Then we have the following result.
Theorem 8. Let α > 1, 0 < β < ∞. Suppose that the weighted composition operator uCϕ is bounded from Bα to Bβ . Then
max
(
1
21+α(3α + 2) A,
1
21+α3α(α + 1) B
)
 ‖uCϕ‖e  A + B. (16)
Proof. Suppose that uCϕ is bounded from Bα to Bβ . Then u = uCϕ(1) ∈ Bβ . Similar as in the proof of Theorem 5, we can
see that as supz∈D |ϕ(z)| < 1, all the terms involve are 0, and hence the result is trivially true.
Now we prove for the case supz∈D |ϕ(z)| = 1. We ﬁrst prove for the upper estimate. Let {Ln} be the sequence of operators
given in Lemma 7. Since each Ln is compact as an operator from Bα to Bα , so is uCϕ Ln and we have
‖uCϕ‖e  ‖uCϕ − uCϕ Ln‖ =
∥∥uCϕ(I − Ln)∥∥
= sup
‖ f ‖Bα1
∥∥uCϕ(I − Ln) f ∥∥Bβ .
We bound this last expression from above by the sum of the following three terms.
sup
‖ f ‖Bα1
∣∣u(0)∣∣∣∣(I − Ln) f (ϕ(0))∣∣, (17)
sup
‖ f ‖Bα1
sup
z∈D
∣∣u(z)∣∣∣∣((I − Ln) f )′(ϕ(z))∣∣∣∣ϕ′(z)∣∣(1− |z|2)β, (18)
sup
‖ f ‖Bα1
sup
z∈D
∣∣u′(z)∣∣∣∣(I − Ln) f (ϕ(z))∣∣(1− |z|2)β. (19)
Lemma 7(ii) guarantees that the supremum in (17) can be made arbitrarily small as n → ∞.
Now we estimate the term in (19). Let us denote this term by J . For any integer n 1, let sn be given by (9), and let
En =
{
z ∈ D: sn 
∣∣ϕ(z)∣∣ sn+1}.
Let m be the smallest positive integer such that Em = ∅. Since supz∈D |ϕ(z)| = 1, En is not empty for every integer n m,
and D =⋃∞n=m En . Now we divide J into two parts
J = sup
‖ f ‖Bα1
sup
mkN−1
sup
z∈Ek
∣∣u′(z)∣∣∣∣(I − Ln) f (ϕ(z))∣∣(1− |z|2)β
+ sup
‖ f ‖Bα1
sup
kN
sup
z∈Ek
∣∣u′(z)∣∣∣∣(I − Ln) f (ϕ(z))∣∣(1− |z|2)β
= J1 + J2.
Here N is a positive integer determined as follows. Write the function under three supremum signs in J2 as
|u′(z)||(I − Ln) f (ϕ(z))|(1− |z|2)βkα−1|ϕ(z)|k(1− |ϕ(z)|2)α−1
kα−1|ϕ(z)|k(1− |ϕ(z)|2)α−1 .
Consider the function Gn,α(x) = Hn+1,α−1(x) = xn(1− x2)α−1. By Lemma 2, for z ∈ Ek ,
kα−1
∣∣ϕ(z)∣∣k(1− ∣∣ϕ(z)∣∣2)α−1  kα−1 min
x∈[sk,sk+1]
Gn,α(x)
= kα−1Gn,α(sk+1)

(
2(α − 1)k
k + 1+ 2(α − 1)
)α−1( k + 1
k + 1+ 2(α − 1)
)k/2
.
It is easy to see that
lim
[(
2(α − 1)k )α−1( k + 1 )k/2]−1 =
(
e
)α−1
.k→∞ k + 1+ 2(α − 1) k + 1+ 2(α − 1) 2(α − 1)
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[(
2(α − 1)k
k + 1+ 2(α − 1)
)α−1( k + 1
k + 1+ 2(α − 1)
)k/2]−1
<
(
e
2(α − 1)
)α−1
+ ε.
For such N we have
J2 
[(
e
2(α − 1)
)α−1
+ ε
]
sup
‖ f ‖Bα1
∣∣∣∣∣∣(I − Ln) f ∣∣∣∣∣∣Bα sup
kN
sup
z∈Ek
kα−1
∣∣u′(z)∣∣∣∣ϕk(z)∣∣(1− |z|2)β

[(
e
2(α − 1)
)α−1
+ ε
]
‖I − Ln‖ sup
kN
kα−1
∥∥ Juϕk∥∥Bβ .
Thus by (iii) of Lemma 7,
limsup
n→∞
J2 
[(
e
2(α − 1)
)α−1
+ ε
]
sup
kN
kα−1
∥∥ Juϕk∥∥Bβ .
For J1, by (i) of Lemma 7, we have
limsup
n→∞
J1  ‖u‖Bβ limsup
n→∞
sup
‖ f ‖Bα1
sup
sm|ϕ(z)|sN−1
∣∣((I − Ln) f )′(ϕ(z))∣∣= 0.
Hence, for any N suﬃcient large we have
limsup
n→∞
J 
[(
e
2(α − 1)
)α−1
+ ε
]
sup
kN
kα−1
∥∥ Juϕk∥∥Bβ .
By the same argument as in the proof of the estimate for J in Theorem 1.1 in [19], we get that the term in (18) is
bounded above by[(
e
2α
)α
+ ε
]
sup
kN
kα−1
∥∥Iu(ϕk)∥∥Bβ ,
where ε and N are given as above. Hence
‖Cϕ‖e 
[(
e
2α
)α
+ ε
]
sup
kN
kα−1
∥∥Iu(ϕk)∥∥Bβ +
[(
e
2(α − 1)
)α−1
+ ε
]
sup
kN
kα−1
∥∥ Juϕk∥∥Bβ .
Since ε is an arbitrary positive number, we have
‖Cϕ‖e 
(
e
2α
)α
limsup
k→∞
kα−1
∥∥Iu(ϕk)∥∥Bβ +
(
e
2(α − 1)
)α−1
limsup
k→∞
kα−1
∥∥ Juϕk∥∥Bβ
= A + B.
Now, still under the assumption that supz∈D |ϕ(z)| = 1, we give a proof for the lower estimate. Let uCϕ : Bα → Bβ be
bounded. Recall that
‖uCϕ‖e = inf
K compact
‖uCϕ − K‖.
Take any compact operator K : Bα → Bβ . Then for any sequence { fn} in Bα with ‖ fn‖Bα  1, and fn → 0 weakly in Bα , we
know that
lim
n→∞‖K fn‖Bβ = 0.
Hence
‖uCϕ − K‖ limsup
n→∞
∥∥(uCϕ − K )( fn)∥∥Bβ  limsupn→∞
∥∥uCϕ( fn)∥∥Bβ .
Therefore, for uCϕ : Bα → Bβ we have
‖uCϕ‖e  limsup
n→∞
∥∥uCϕ( fn)∥∥Bβ . (20)
Suppose that {an} is a sequence in D such that |ϕ(an)| → 1 as n → ∞. Consider the testing functions fn deﬁned by
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2)2
(1− ϕ(an)z)α+1
− 1− |ϕ(an)|
2
(1− ϕ(an)z)α
,
for z ∈ D . Clearly fn(ϕ(an)) = 0, and fn(z) → 0 uniformly on compact subsets of D . Note that
f ′n(z) = (α + 1)ϕ(an)
(1− |ϕ(an)|2)2
(1− ϕ(an)z)α+2
− αϕ(an) 1− |ϕ(an)|
2
(1− ϕ(an)z)α+1
.
Thus
f ′n
(
ϕ(an)
)= ϕ(an)/(1− ∣∣ϕ(an)∣∣2)α,
so that
(uCϕ fn)
′(an) = u(an)ϕ(an)ϕ′(an)/
(
1− ∣∣ϕ(an)∣∣2)α.
Thus
‖uCϕ fn‖Bβ 
∣∣(uCϕ fn)′(an)∣∣(1− |an|2)β
= |u(an)||ϕ(an)||ϕ
′(an)|(1− |an|2)β
(1− |ϕ(an)|2)α .
Since
∣∣ f ′n(z)∣∣ (α + 1)(1− |ϕ(an)|
2)2
(1− |z|)α(1− |ϕ(an)|)2 +
α(1− |ϕ(an)|2)
(1− |z|)α(1− |ϕ(an)|)
 2
2+α(α + 1) + 21+αα
(1− |z|2)α 
21+α(3α + 2)
(1− |z|2)α ,
we know that
‖ fn‖Bα  21+α(3α + 2),
and
||| fn|||Bα 
∣∣ fn(0)∣∣+ 21+α(3α + 2).
Since | fn(0)|  1, we know that { fn} is a bounded sequence in Bα . Let f ∗n (z) = fn(z)/||| fn|||Bα . Then, clearly, ||| f ∗n |||Bα = 1,
and f ∗n (z) → 0 uniformly on compact subsets of D . Hence
∥∥uCϕ( f ∗n )∥∥Bβ = 1||| fn|||Bα
∥∥uCϕ( fn)∥∥Bβ
 1| fn(0)| + 21+α(3α + 2)
|u(an)||ϕ(an)||ϕ′(an)|(1− |an|2)β
(1− |ϕ(an)|2)α .
Hence, by (20) we know that
‖uCϕ‖e  limsup
n→∞
∥∥uCϕ( f ∗n )∥∥Bβ
 limsup
n→∞
1
| fn(0)| + 21+α(3α + 2)
|u(an)||ϕ(an)||ϕ′(an)|(1− |an|2)β
(1− |ϕ(an)|2)α .
Since
lim
n→∞
∣∣ fn(0)∣∣= lim
n→∞
(
1− ∣∣ϕ(an)∣∣2)2 − (1− ∣∣ϕ(an)∣∣2)= 0
we get that
‖uCϕ‖e  1
21+α(3α + 2) lim|ϕ(z)|→1
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α . (21)
Recall that, inequality (14) in the proof of Theorem 5 is true for all α > 0, that is,
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n→∞
(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ  lims→1 sup|ϕ(z)|>s
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α
= lim|ϕ(z)|→1
|u(z)||ϕ′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α .
Combining with (21) we get
‖uCϕ‖e  1
21+α(3α + 2) limsupn→∞
(
e
2α
)α
nα−1
∥∥Iu(ϕn)∥∥Bβ = 121+α(3α + 2) A.
Now we proceed to prove the other lower estimate in a similar way. Suppose that {an} is a sequence in D such that
|ϕ(an)| → 1 as n → ∞. Consider the testing functions gn deﬁned by
gn(z) = (α + 1) 1− |ϕ(an)|
2
(1− ϕ(an)z)α
− α (1− |ϕ(an)|
2)2
(1− ϕ(an)z)α+1
,
for z ∈ D . Clearly gn(ϕ(an)) = (1− |ϕ(an)|2)1−α , and gn(z) → 0 uniformly on compact subsets of D , and
gn(0) =
(
1− ∣∣ϕ(an)∣∣2)[(α + 1) − α((1− ∣∣ϕ(an)∣∣2))]→ 0
as n → ∞. Note that
g′n(z) = α(α + 1)ϕ(an)
1− |ϕ(an)|2
(1− ϕ(an)z)α+1
− α(α + 1)ϕ(an) (1− |ϕ(an)|
2)2
(1− ϕ(an)z)α+2
.
Thus
g′n
(
ϕ(an)
)= 0,
and so that
(uCϕ gn)
′(an) = u′(an)gn
(
ϕ(an)
)= u′(an)(1− ∣∣ϕ(an)∣∣2)1−α.
Thus
‖uCϕ gn‖Bβ 
∣∣(uCϕ gn)′(an)∣∣(1− |an|2)β
= ∣∣u′(an)∣∣(1− ∣∣ϕ(an)∣∣2)1−α(1− |an|2)β .
Since
∣∣g′n(z)∣∣ α(α + 1)(1− |ϕ(an)|
2)
(1− |z|)α(1− |ϕ(an)|) +
α(α + 1)(1− |ϕ(an)|2)2
(1− |z|)α(1− |ϕ(an)|)2
 2
1+αα(α + 1) + 22+αα(α + 1)
(1− |z|2)α 
21+α3α(α + 1)
(1− |z|2)α ,
we know that
‖gn‖Bα  21+α3α(α + 1),
and
|||gn|||Bα 
∣∣gn(0)∣∣+ 21+α3α(α + 1).
Since |gn(0)| 2α+1, we know that {gn} is a bounded sequence in Bα . Let g∗n(z) = gn(z)/|||gn|||Bα . Then, clearly, |||g∗n |||Bα = 1,
and g∗n(z) → 0 uniformly on compact subsets of D . Hence
∥∥uCϕ(g∗n)∥∥Bβ = 1|||gn|||Bα
∥∥uCϕ(gn)∥∥Bβ
 1|gn(0)| + 21+α3α(α + 1)
∣∣u′(an)∣∣(1− ∣∣ϕ(an)∣∣2)1−α(1− |an|2)β.
Hence, by (20) we know that
‖uCϕ‖e  limsup
n→∞
∥∥uCϕ(g∗n)∥∥Bβ
 limsup 1
1+α
∣∣u′(an)∣∣(1− ∣∣ϕ(an)∣∣2)1−α(1− |an|2)β .n→∞ |gn(0)| + 2 3α(α + 1)
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lim
n→∞
∣∣gn(0)∣∣= 0
we get that
‖uCϕ‖e  1
21+α3α(α + 1) lim|ϕ(z)|→1
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1 . (22)
Now we consider the following term.
(
e
2(α − 1)
)α−1
nα−1
∥∥ Ju(ϕn)∥∥Bβ =
(
e
2(α − 1)
)α−1
sup
z∈D
nα−1
∣∣u′(z)∣∣∣∣ϕ(z)∣∣n(1− |z|2)β
= I1 + I2,
where
I1 =
(
e
2(α − 1)
)α−1
sup
|ϕ(z)|s
nα−1
∣∣u′(z)∣∣∣∣ϕ(z)∣∣n(1− |z|2)β,
I2 =
(
e
2(α − 1)
)α−1
sup
|ϕ(z)|>s
nα−1
∣∣u′(z)∣∣∣∣ϕ(z)∣∣n(1− |z|2)β,
and 0 < s < 1. By (i) of Lemma 2, we have
I2 =
(
e
2(α − 1)
)α−1
sup
|ϕ(z)|>s
nα−1
∣∣u′(z)∣∣∣∣ϕ(z)∣∣n(1− |z|2)β (1− |ϕ(z)|2)α−1
(1− |ϕ(z)|2)α−1

(
e
2(α − 1)
)α−1( 2n(α − 1)
n+ 2(α − 1)
)α−1( n
n + 2(α − 1)
) n
2
sup
|ϕ(z)|>s
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1 .
Since
lim
n→∞
(
2n(α − 1)
n+ 2(α − 1)
)α−1( n
n + 2(α − 1)
) n
2
=
(
2(α − 1)
e
)α−1
,
we get that, for ﬁxed s, 0 < s < 1, we have
limsup
n→∞
I2  sup
|ϕ(z)|>s
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1 .
For I1, we have
I1 
(
e
2(α − 1)
)α−1
nα−1sn sup
|ϕ(z)|s
∣∣u′(z)∣∣(1− |z|2)β
 ‖u‖Bβ
(
e
2(α − 1)
)α−1
nα−1sn.
Thus, for a ﬁxed s, 0 < s < 1, we have
limsup
n→∞
I1  ‖u‖Bβ
(
e
2(α − 1)
)α−1
limsup
n→∞
nα−1sn = 0.
Hence
limsup
n→∞
(
e
2(α − 1)
)α−1
nα−1
∥∥ Ju(ϕn)∥∥Bβ  sup|ϕ(z)|>s
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1
for any s ∈ (0,1). Letting s → 1 we get
limsup
n→∞
(
e
2(α − 1)
)α−1
nα−1
∥∥ Ju(ϕn)∥∥Bβ  lims→1 sup|ϕ(z)|>s
|u′(z)|(1− |z|2)β
(1− |ϕ(z)|2)α−1
= lim |u
′(z)|(1− |z|2)β
2 α−1 .|ϕ(z)|→1 (1− |ϕ(z)| )
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‖uCϕ‖e  1
21+α3α(α + 1)
(
e
2(α − 1)
)α−1
limsup
n→∞
nα−1
∥∥ Ju(ϕn)∥∥Bβ
= 1
21+α3α(α + 1) B.
The proof is complete. 
From the above theorem we immediately obtain the following corollary.
Corollary 9. Let α > 1, 0 < β < ∞. Suppose that the weighted composition operator uCϕ is bounded from Bα to Bβ . Then uCϕ is
compact from Bα to Bβ if and only if the following two conditions are satisﬁed.
limsup
n→∞
nα−1
∥∥Iu(ϕn)∥∥Bβ = 0
and
limsup
n→∞
nα−1
∥∥ Ju(ϕn)∥∥Bβ = 0.
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